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1. What is Hilbert-adjoint operator? Show that the Hilbert-adjoint operator 

𝑇∗ of : 𝐻1 → 𝐻2 ,   where 𝐻1 𝑎𝑛𝑑 𝐻2 are Hilbert spaces exists, unique 

and is a bounded linear operator with norm ‖𝑇∗‖ = ‖𝑇‖.    

2. If {𝑒1, 𝑒2, 𝑒3, … , 𝑒𝑛} is a finite orthonormal set in an inner product space 

X and x is any element of X, then prove that ∑ |〈𝑥,  𝑒𝑗 〉|2𝑛
𝑖=1 ≤ ||𝑥||2. 

When equality  holds? 

3. Prove that inner product is continuous.                                                         

4. Show that a subspace 𝑀 of a complete metric space 𝑋 is itself complete 

if and only if the set 𝑀 is closed in  𝑋.   

5. Show that the dual space of a normed space is a Banach space.  

6. Give the definition of Closed Linear Operator in sequential form. State 

and prove Open Mapping Theorem.     

7. Show that the space 𝑙𝑝is complete; here 𝑝 is fixed and 1 ≤ 𝑝 < +∞. 

8. Give an example of an incomplete metric space and justify your answer.              

9. Show that a Hilbert space 𝐻is separable if every orthonormal set in  𝐻 is 

countable.               

10. Discuss strong convergence and weak convergence. State and prove 

Uniform Boundedness principle.                                                                                          
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11.   State and prove Hann-Banach Extension theorem. Define Quotient 

space with norm.     

12.   Let 𝑋 and 𝑌 be inner product spaces. Then a linear map 𝐹: 𝑋 →

𝑌satisfies 〈𝐹(𝑥), 𝐹(𝑦)〉 = 〈𝑥, 𝑦〉 for all 𝑥, 𝑦 ∈ 𝑋 if and only if it satisfies 

‖𝐹(𝑥)‖ = ‖𝑥‖ for all 𝑥 ∈ 𝑋, where the norms on 𝑋 and 𝑌 are induced by 

the respective inner products.    

13. Let 𝑃 ∈ 𝐵𝐿(ℋ) be a nonzero projection on a Hilbert space ℋand ‖𝑃‖ =

1. Then show that 𝑃 is an orthogonal projection.       

14. Let the space 𝑙2(ℤ)be defined as the space of all two- sided square 

summable sequences and the bilateral shift is the operator 𝑊on 𝑙2(ℤ) 

defined by 𝑊(… , 𝑎−2, 𝑎−1, �̂�0, 𝑎1, 𝑎2, … ) = (… , 𝑎−3, 𝑎−2, �̂�−1, 𝑎0, 𝑎1, … ). 

Prove that 

   (i)𝑊 is unitary, and 

(ii) the adjoint 𝑊∗ of 𝑊 is given by 𝑊∗(… , 𝑎−2, 𝑎−1, �̂�0, 𝑎1, 𝑎2, … ) =

(… , 𝑎−1, 𝑎0, �̂�1, 𝑎2, 𝑎3, … ).                                          

15.  Let 𝑋  and 𝑌 be two normed linear spaces over the same field of scalars 

and let 𝑇 ∶  𝑋 → 𝑌  be a linear operator that sends a convergent sequence 

in 𝑋  to a bounded sequence in 𝑌. Prove that 𝑇 is a bounded linear 

operator.      

16.   Let 𝑋 and 𝑌 be Banach spaces and 𝐴 ∈ 𝐵𝐿(𝑋, 𝑌). Show that there is a 

constant 𝑐 > 0 such that ∥ 𝐴𝑥 ∥≥ 𝑐 ∥ 𝑥 ∥ for all 𝑥 ∈ 𝑋 if and only if 

𝐾𝑒𝑟(𝐴) = {0} and 𝑅𝑎𝑛(𝐴) is closed in 𝑋.   

17.   Let 𝑇 ∶ 𝐶[0,1] → 𝐶[0,1] be defined by 𝑇(𝑡) =  ∫ 𝑥(𝜏)𝑑𝜏
𝑡

0
. Find 𝑅(𝑇) 

and obtain 𝑇−1: 𝑅(𝑇) → 𝐶[0, 1]. Examine if 𝑇−1 is linear and bounded.    

18. Show that 〈𝐴𝑒𝑗 ,  𝑒𝑖 〉 = (𝑖 + 𝑗 + 1)−1 for 0 ≤ 𝑖, 𝑗 ≤ ∞ defines a bounded 

operator 𝑙2(ℕ ∪ {0}) with ‖𝐴‖ ≤ 𝜋.        

19. Let 𝑆 ∈ 𝐵𝐿(ℋ) where ℋ is a Hilbert space. Prove that for all 𝑥, 𝑦 ∈ ℋ, 

〈𝑆𝑥, 𝑦〉 =
1

4
∑ 𝑖𝑛3

𝑛=0 〈𝑆(𝑥 + 𝑖𝑛𝑦), (𝑥 + 𝑖𝑛𝑦) 〉 .          

20. Check whether C1 [0, 1] with the supremum norm is a Banach space 

21. Show that the space 𝑙𝑝 is complete, here p is fixed and 1 ≤ 𝑝 ≤ ∞.   

22. Let 𝑇: 𝑋 → 𝑌 be a continuous linear operator. Show that the Null space 

𝒩(𝑇) is closed.                                          
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23. Prove that a mapping 𝑇 of a metric space 𝑋 into a Metric space 𝑌 is 

continuous if and only if the inverse image of any open subset of 𝑌 is an 

open subset of 𝑋. 

                                                                                                                                                                                                                                                                                                                                                  
      ___________________________End_________________________ 


